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Abstract

Decarbonizing the global economy requires efficient catalysts for key electro-
chemical transformations, including CO5 reduction, nitrogen reduction, and C-C
coupling. Yet systematic catalyst discovery is limited by the cost of density func-
tional theory calculations needed to evaluate adsorbate—surface energetics across
chemically diverse surfaces. Machine-learning interatomic potentials (MLIPs)
can accelerate this workflow, but many leading equivariant architectures rely on
spherical harmonics and Clebsch—Gordan tensor products, increasing computa-
tional complexity and implementation overhead. Here we introduce CliffordIP,
a message-passing interatomic potential built on the Clifford algebra C1(3,0),
representing atomic environments as 8-dimensional multivectors—scalars, vec-
tors, bivectors, and pseudoscalars—coupled through the geometric product. This
naturally captures bond directions, reaction planes, and local chirality relevant
to catalytic intermediates, while enforcing full O(3) equivariance, including
reflections, via the Pin(8) group. On catalysis-focused adsorbate subsets, Clif-
fordIP reduces energy MAE by 20-24% relative to the next-best baseline on
CO2RR, N2RR, and C; formation, and achieves the strongest in-distribution
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energy performance among the compared baselines on OC20 and OC22 under
a unified, compute-constrained protocol, while remaining competitive in force
magnitude. These results establish Clifford algebra as a promising foundation for
energy-focused MLIPs in computational catalysis.

Keywords: machine learning interatomic potentials, Clifford algebra, geometric
algebra, equivariant neural networks, heterogeneous catalysis, Open Catalyst

Introduction

Electrocatalyst design is governed by challenges that emerge across multiple length
and computational scales. At the atomic level, reaction selectivity can depend sen-
sitively on the geometry of adsorbed intermediates, including fragment orientation,
adsorption configuration, and the symmetry of the catalytic site that stabilizes them
[1]. At the scale required for catalyst discovery, however, resolving these structural
effects across large chemical spaces with first-principles methods remains compu-
tationally prohibitive [2]. Addressing the tradeoff between geometric fidelity and
high-throughput screening forms the central motivation of this work.

Heterogeneous electrocatalysis proceeds through reaction intermediates whose
binding energies and transition-state geometries at the catalyst surface collectively
determine selectivity and activity [3, 4]. In COs electroreduction (CO2RR), the
branching between CO, formate, methanol, and multi-carbon products is governed
by the relative stability of *CO, *COOH, and *CHO intermediates, whose binding
geometries range from linear end-on adsorption to bent bidentate configurations [5, 6].
Electrochemical Ny reduction (N3RR) proceeds through a hydrogenation sequence of
*Ny — *NNH — *NHNH in which each protonation step alters the molecular orien-
tation at the surface, creating a cascade of geometrically distinct binding modes that
control both ammonia yield and selectivity over competing hydrogen evolution [7, §].
C—C coupling (Cs), which unlocks multi-carbon products such as ethylene and ethanol
from COsRR, involves the dimerization of *CO intermediates and the stabilization of
multidentate species such as *CCHs; and *CHCO that span multiple surface adsorption



sites with out-of-plane dihedral character [9, 10]. Across these three reaction families,
the same geometric theme recurs: the bent, planar, and dihedral configurations of key
intermediates encode the orbital interactions of d-band hybridization, back-donation,
and adsorbate rehybridization [11, 12] that ultimately set selectivity and activity.

Rational catalyst design for these reactions requires systematically mapping
adsorption energies across the space of surface compositions, facets, and cover-
ages [13]. Density functional theory (DFT) provides accurate energetics but at a cost
that renders exhaustive screening prohibitive: even the Open Catalyst 2020 (OC20)
dataset [14] covers only a small fraction of the viable catalyst space. The Open Cat-
alyst 2022 (OC22) dataset [15] extends the scope to oxide electrocatalyst surfaces,
adding the chemical diversity essential for oxygen evolution and reduction reactions.
Machine learning interatomic potentials (MLIPs) address this bottleneck by learn-
ing to approximate the potential energy surface directly from DFT data, achieving
speedups of 103-10%x over explicit electronic-structure calculations [16, 17]. In the
context of computational catalysis, MLIPs enable structural relaxations, adsorption
energy predictions, and reaction pathway searches at scales previously inaccessible to
DFT.

The pursuit of accurate and generalizable MLIPs has driven a rapid evolution of
neural network architectures for atomic systems, progressing through three genera-
tions of increasing geometric sophistication. The first generation of invariant models
exemplified by crystal graph convolutional neural networks [18], SchNet [19], which
introduced continuous-filter convolutions on interatomic distances. DimeNet [20],
which incorporated angular information via triplet interactions operated on scalar
(rotation-invariant) features and were therefore blind to the directional character of
interatomic interactions. The second generation introduced vector-equivariant repre-
sentations: PaiNN [21] augmented scalar features with equivariant vector channels
that transform under SO(3); E(n)-equivariant graph neural networks [22] extended
equivariance to the full Euclidean group while avoiding higher-order tensor rep-
resentations; and TorchMD-Net [23] combined equivariant message passing with
attention mechanisms. The third and current generation employs higher-order equiv-
ariant representations based on irreducible representations (irreps) of SO(3) or O(3):
Cormorant [24] and NequlP [25] use Clebsch—-Gordan (CG) tensor products with
learnable radial functions; MACE [26] and Allegro [27] introduce many-body mes-
sage passing through iterated tensor products; SEGNNs [28] demonstrated steerable
equivariant message passing with physical quantities; SE(3)-transformers [29] first
combined equivariant features with dot-product attention, a concept extended by
Equiformer [30] to equivariant graph attention; and GotenNet [31] proposes a geo-
metric O(3)-equivariant tensor network with efficient tensor contractions that avoids
CG coeflicients entirely.

Beyond this generational arc, two further developments shape the current MLIP
landscape. The atomic cluster expansion [32] provides a polynomial, systematically
improvable many-body basis that is equivariant by construction, underpinning the
parameterisation strategy of several leading models [33]. Alongside it, universal inter-
atomic potentials trained on broad materials databases demonstrate transferability
across wide chemical spaces, from graph-network approaches covering the periodic



table [34] to large-scale foundation models trained on millions of DFT structures
spanning diverse chemistries [35, 36]. A consistent empirical finding across these gen-
erations is that richer geometric representations yield improved accuracy on catalysis
benchmarks, but at the cost of increasing architectural complexity and computational
overhead [37].

The technical cost of those richer representations stems from a specific algebraic
choice. The total energy of a system of atoms is invariant under translations, rotations,
and reflections (the Euclidean group E(3)), while forces must transform equivari-
antly [38]. The dominant framework for enforcing these symmetries represents atomic
features as irreps of SO(3), labeled by angular momentum number [ and interact-
ing via CG tensor products [39], whose computational cost scales as O(IS ) [40].
Higher [ captures finer angular detail (with (=2 encoding d-orbital-like environments
and (=3 encoding f-orbital-like features), but incurs steep computational penalties.
EquiformerV2 [41] reduces this bottleneck via SO(2) convolutions, yet still requires
nontrivial engineering for representations up to [=6. More broadly, Wigner D-matrices
and CG coefficients are difficult to optimize with modern automatic differentiation
tools, imposing significant implementation complexity [42]. This raises a natural ques-
tion: is there a mathematically principled alternative that natively encodes bond
planes, dihedral angles, and chirality without the algebraic machinery of spherical
harmonics?

Clifford algebra — also known as geometric algebra — provides precisely such an
alternative [43, 44]. The Clifford algebra CI(3,0) encodes scalars, vectors, bivectors,
and pseudoscalars in a compact 8-dimensional multivector, with the geometric product
serving as a single algebraic operation that unifies inner products, cross products, and
rotations by replacing the suite of CG tensor products required by spherical harmon-
ics [45]. Critically for catalysis applications, each grade carries direct physical meaning;:
grade-0 scalars encode energy-like invariant quantities; grade-1 vectors encode bond
directions and forces; grade-2 bivectors encode oriented rotation planes corresponding
to bond angles and dihedral environments; and the grade-3 pseudoscalar encodes chi-
rality of the local coordination environment [46]. The bent geometry of adsorbed CO4
and *COOH, the planar dihedral of *NHNH, and the bridging geometry of Cy inter-
mediates are all naturally represented by combinations of bivector components that
the geometric product mixes in a single closed algebraic operation [47] (Fig. 1). Full
0O(3) equivariance, including reflections, important for distinguishing enantiomeric
surface adsorption sites, is guaranteed by the Pin(3) group structure without Wigner
D-matrices or CG coefficients [48]. Clifford algebra has been applied to machine learn-
ing on physical systems in n-body dynamics [49] and molecular trajectories [50], but
not to interatomic potential energy surfaces for heterogeneous catalysis.

In this work, we introduce CliffordIP: to our knowledge, the first Clifford-algebra-
based message-passing neural network designed as an interatomic potential for
heterogeneous catalysis. CliffordIP represents each atom’s features as C1(3,0) mul-
tivectors and constructs equivariant messages via the geometric product, achieving
full O(3) equivariance without spherical harmonics. The architecture incorporates
several innovations tailored to interatomic potential prediction including progressive



grade activation, grade-sparse geometric product dispatch, L=2 feature augmentation,
MACE-style multi-body interactions [26], and equivariant attention [41].

To place CliffordIP within the broader landscape of modern MLIPs, we com-
pare it against twelve state-of-the-art architectures spanning all three generations of
geometric learning methods, including invariant graph networks, vector-equivariant
models, and higher-order equivariant transformer and tensor-network approaches.
The benchmark suite further includes systematic angular-order sweeps over MACE
(Le{1,2}), ICTP (Le{1,2}), and EquiformerV2 (Le{2,4}) in order to examine the
effect of increasing equivariant complexity. All thirteen architectures are evaluated
on the Open Catalyst benchmarks across four tasks: OC20-S2EF, consisting of 1.3
million adsorbate—surface structures with 82 adsorbates on metallic catalysts; OC20-
IS2RE, which focuses on direct relaxed-energy prediction; OC22-S2EF, which extends
the benchmark to oxide electrocatalyst surfaces; and OC22-IS2RE, the corresponding
oxide relaxed-energy prediction task. Cross-domain generalization is further assessed
on the rMD17 [51, 52] molecular dynamics benchmark for small organic molecules
using an expanded comparison suite to eighteen by incorporating additional higher-
order variants of MACE, ICTP, and EquiformerV2, together with FAENet and
ViSNet. Our main contributions are:

e We introduce CliffordIP, to our knowledge the first interatomic potential for het-
erogeneous catalysis built on the Clifford algebra CI1(3,0), achieving full O(3)
equivariance through the geometric product without spherical harmonics or
Clebsch—Gordan tensor products.

e We develop a Clifford-algebraic MLIP architecture that combines progressive grade
activation, grade-sparse geometric-product dispatch, L = 2 feature augmentation,
multi-body interactions, and equivariant attention.

¢ On catalysis-focused adsorbate subsets of OC20 evaluated without task-specific fine-
tuning, CliffordIP achieves the lowest energy MAE among the compared baselines,
improving over the next-best model by 24% on CO2RR, 20% on NoRR, and 22%
on Cy formation.

e Under this unified, compute-constrained protocol, CliffordIP achieves the strongest
in-distribution energy performance among the compared models on both OC20 and
0C22 S2EF benchmarks, while ablation analysis identifies attention and multi-
scale readout as the dominant contributors to accuracy. Cross-domain evaluation
on rMD17 shows the same energy advantage transfers beyond catalysis.

The remainder of this paper is organized as follows. The Results section reports
and analyzes the benchmark results. The Discussion section discusses the implications
of our findings, directions for future work, and concludes the paper. The Methods
section describes the CliffordIP architecture and the experimental protocol.

Results

All models share a single training setup on OC20 (200K split) and OC22 (full set);
infrastructure, schedules, and per-model configurations are detailed in the Supple-
mentary Information (Benchmark Settings). Evaluation proceeds in three stages: a
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zero-shot analysis on catalysis-focused OC20 adsorbate subsets for COoRR, N3RR,
and Cy formation (eight baselines, the Catalysis-Specific Transfer Performance sub-
section); the full S2EF and IS2RE benchmarks on OC20 and OC22 (twelve baselines,
the S2EF, IS2RE, and OOD-Generalisation subsections); and a cross-domain exten-
sion to tMD17 with five additional architectures (the Cross-Domain Robustness on
rMD17 subsection). Numerical results across all splits are tabulated in the Supplemen-
tary Information (Detailed Experiment Analysis). Figures report mean + standard
deviation over three seeds (four for rMD17).

Catalysis-Specific Transfer Performance

Fig. 2 reports energy and force MAE on the three catalysis subsets, with subset
compositions defined in the Methods (Benchmark Settings).

On the 13-adsorbate CO2RR subset (Fig. 2a), CliffordIP reaches an energy MAE
of 2.08 eV against EquiformerV2’s 2.73 eV — a 24% reduction. The bent and multi-
coordinate species that dominate this set (*COOH, *HCOO, *CHO) are exactly the
geometries the bivector channels of C1(3,0) are designed to capture, and force MAE
remains within the best-baseline cluster.

The pattern repeats on the 13-intermediate NoRR cascade from *Ng through
*ONNH,, (Fig. 2b), where CliffordIP attains 1.98 eV against 2.48 eV for EquiformerV?2
— a 20% reduction. The end-on/side-on binding distinction of *Ns and the planar
dihedral of *NHNH demand orientational structure beyond pairwise distances, and
the geometric product captures both in a single closed operation.

On the ten C-C coupling intermediates of the Cy subset (Fig. 2c¢), CliffordIP
reaches 1.87 eV versus 2.40 eV — a 22% reduction. Bridge-bonded and multiden-
tate species in this set span multiple surface sites with out-of-plane coordination, the
regime in which higher-grade features carry the most information.

Across the three subsets, CliffordIP delivers the lowest energy MAE without
any task-specific fine-tuning while remaining within the best force-MAE cluster.
The consistency suggests that the geometric product is a useful inductive bias for
adsorbate—surface environments characterised by bond planes, multidentate coordina-
tion, and local chirality. For high-throughput catalyst screening [53, 54], where energy
ranking matters more than directional force fidelity, this profile is well-suited.
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Under the unified, compute-constrained protocol, CliffordIP leads S2EF energy on
both datasets among the compared baselines (Fig. 3a, d). On OC20 it reaches 1.889 €V,
cutting EquiformerV2’s MAE by 20% at L=4 (2.366 eV) and 24% at L=2 (2.474 eV);
GotenNet (3.562 €V) trails by 88%, and the MACE and ICTP families by more than
200%. The same ordering holds on OC22, where CliffordIP attains 2.890 €V against
3.133 eV for EquiformerV2 (L=2, +8%), 3.378 eV at L=4 (+17%), and 9.897 eV for
NequlIP (+242%). The energy advantage thus survives the shift from metallic to oxide

surface chemistry.

Force MAE tells a different story (Fig. 3b, e). On OC20 the EquiformerV2 family
leads at 0.059-0.060 ¢V /A, with CliffordIP within 0.005 eV /A; on OC22 the top three
models are essentially indistinguishable on force magnitude. Force cosine similarity
is sharper still — CliffordIP trails EquiformerV2 there (Supplementary Informa-
tion, Detailed Experiment Analysis), so competitive magnitudes do not translate into
equally strong directional fidelity. The picture is that of an energy specialist: top
accuracy on energy, competitive but not leading on forces.



Initial-Structure-to-Relaxed-Energy (IS2RE)

IS2RE results split by dataset (Fig. 3c, f). On OC20, EquiformerV2 (L=2) leads
at 0.647 eV, with GotenNet (0.686 €V, +6.0%) and DimeNet++ (0.698 eV, +7.7%)
close behind; CliffordIP ranks sixth at 0.765 eV (+18.2%) within a tight eight-model
cluster spanning ~0.12 eV. On OC22 the order inverts — CliffordIP ranks first at
3.471 eV, 5% below PaiNN (3.639 e¢V) and 21% below GotenNet (4.405 €V), with
NequlP at 13.946 eV (+302%) and MACE (L=2) at 22.650 eV (+553%). The reversal
likely reflects OC22’s greater structural diversity in surface—adsorbate configurations,
where the richer geometric encoding of CI(3, 0) provides a stronger prior for predicting
relaxed geometries from unrelaxed inputs.

Out-of-Distribution Generalisation and Generational Analysis

OOD splits reproduce the in-distribution picture (Fig. 3g—i). CliffordIP leads OC20
OOD-Ads at 1.977 eV — 18% below EquiformerV2 (L=4, 2.424 eV) and 22%
below L=2 (2.520 V) — with all Generation I-II baselines above 3.7 eV and the
MACE/ICTP family above 5.9 V. On OC22 OOD, EquiformerV2 (L=2, 4.971 V)
edges CliffordIP (5.120 eV, +3.0%) and EquiformerV2 (L=4, 5.256 eV, +5.7%), while
NequlP reaches 15.880 eV (4219%). On OC20 OOD-Both, EquiformerV2 (L=4,
3.507 eV) and CliffordIP (3.510 V) are tied to within 0.1%.

A generational stratification is visible across all nine panels: Generation I (SchNet,
DimeNet++, PaiNN) sits in the high-error regime; Generation II (TorchMD-Net,
NequlP) occupies an intermediate band; Generation III spans a wide range, with
EquiformerV2 leading on forces and the MACE/ICTP family lagging on energy. Clif-
fordIP leads the energy frontier despite being limited to native [=1 plus an L=2
scalar augmentation — a strictly lower native angular order than several spherical-
harmonic baselines — suggesting that Clifford algebra is a complementary prior to
the attention and higher-order harmonics that characterise the rest of Generation III.
Training is stable throughout, with the lowest validation energy MAE at convergence
(Supplementary Fig. S1).

Cross-Domain Robustness on rMD17

To verify that the inductive biases of Cl(3,0) generalise beyond catalysis, we evaluate
CliffordIP on the rMD17 small-molecule benchmark across all ten molecules under a
900 /100 /1000 train / val / test split with four seeds per molecule. The smaller scale
of rMD17 also lets us include FAENet, ViSNet, and GotenNet, which were not feasible
to train at OC20/0C22 scale within our compute budget. Aggregate test MAEs are
reported in Table 1; per-molecule values appear in Supplementary Table S7.

Three patterns emerge. Clifford[P ranks second in aggregate energy MAE
(0.034 eV), behind only FAENet (0.024 ¢V) and ahead of every remaining baseline
by more than an order of magnitude — the third-place TorchMD-Net (0.711 V)
trails by 20x. On aggregate force MAE, CliffordIP and FAENet tie at 0.021 eV/ A,
both an order of magnitude behind the EquiformerV2 family at ~0.004 eV/ A across
Lax€{2,3,4} — the energy/force split observed on OC20/0C22 thus reproduces in
another chemistry.



The EquiformerV2 family’s tMD17 energy MAE (247.4-247.7 €V) sits orders of
magnitude above every other energy-capable architecture and is uniform across all ten
molecules; this behaviour is consistent with an energy-head calibration failure under
strongly force-weighted direct-force training on small datasets, where the energy head
does not calibrate against the reference total-energy scale. The advantage of CliffordIP
therefore extends beyond catalysis to small-molecule chemistry, with FAENet’s frame-
averaging the only stronger small-molecule energy predictor in this comparison.

Table 1 rMD17 cross-domain benchmark. Aggregate test MAE across all ten rMD17 molecules.
Mean = std over 4 seeds X molecules. Best in bold, runner-up underlined.

Model E-MAE (eV) | F-MAE (eV/A) |
FAENet 0.02440.019 0.02140.001
CliffordIP 0.034 4 017 0.021+0.000
TorchMD-Net 0.71140.390 0.31840.038
SchNet 1.13210.568 0.71940.041
NequlP 1.22940.068 2.64040.021
MACE (L=3) 1.283+0.321 3.645.£0.760
DimeNet++ 1.32610.788 0.765+0.086
PaiNN 1.686+1.031 0.84940.147
MACE (L=2) 1.8014.0.469 4.66440.577
ICTP (L=2) 1.946 10505 5.00841.105
ICTP (L=3) 2.030+0.329 5.2561+1.033
ICTP (L=1) 2.168+0.608 5.11741.240
MACE (L=1) 2.192:0.364 5.631.40.842
ViSNet 2.383+1.669 0.935+0.260
GotenNet 27.757+33.206 8.15213.166
EquiformerV2 (L=2) 247.431+0.040 0.004+0.000
EquiformerV2 (L=3) 247.61040.033 0.004 ., g00
EquiformerV2 (L=4) 247.72140.023 0.004+9.000

Computational Efficiency

Panels (a) and (b) of Fig. 4 pair MD17-aspirin (21 atoms, batch 32, 10 warmup +
20 timed steps, two-seed average) per-step timing with OC20-S2EF in-distribution
energy MAE for the thirteen models that have both measurements. At training
time, CliffordIP sits at the accuracy-optimal end of the Pareto front (3.10 ms/step,
1.889 €V); the chain runs PaiNN (0.77 ms, 4.22 V) — GotenNet (1.81 ms, 3.56 ¢V) —
EquiformerV2 L=4 (2.32 ms, 2.37 V) — CliffordIP, with each step yielding a mean-
ingful accuracy gain. At inference, CliffordIP drops to 0.128 ms/step — faster than
EquiformerV2 L=4 (0.137 ms), on par with L=2 (0.130 ms) — so the model dominates
both spherical-harmonic baselines at equal or lower latency. The MACE family at
Le{1,2} scales monotonically in cost (2.01 — 2.47 ms) without overtaking CliffordIP
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on energy. The full 18-architecture wall-clock and memory benchmark, including ViS-
Net, FAENet, and the L=3 spherical-harmonic variants, appears in Supplementary
Table S10.

Ablation Study

Panels (c) and (d) of Fig. 4 decompose component contributions on OC22-S2EF.
From a full-model baseline of 3.241 eV mean energy MAE, removing attention
degrades performance most severely (+9.9%), followed by multi-scale aggregation
(+4.2%) (panel c). Self-interaction (—2.9%), L=2 grade features (—1.6%), GP read-
out (—1.2%), and 2-body restriction (—0.5%) yield marginal or slightly negative
changes, consistent with modest regularisation rather than primary representa-
tional capacity. The minimal variant, retaining only the message-passing backbone,
degrades by +28.8%, confirming that the full architecture is necessary for competitive
performance.

Runtime overhead (panel d) shows attention and self-interaction dominating infer-
ence cost (+9.6% and +11.1%), while multi-scale aggregation contributes only +2.9%
inference for its +4.2% accuracy gain — a favourable accuracy-to-cost ratio. GP
readout adds +3.8% inference for —1.2% accuracy, marking it prunable in latency-
constrained settings. Removing L=2 grade features cuts training time by —0.5% with
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negligible accuracy impact, consistent with grade sparsity being most beneficial in
early layers where higher-grade features have not yet been activated.

We additionally ablate the underlying Clifford algebra on rMD17, comparing
Cl(3,1), C1(2,0), and CI(3,0) at matched architecture and training budget. Aggregate
energy MAEs are 0.086 eV for C1(3,1), 0.101 eV for Cl(2,0), and 0.108 eV for CI(3,0);
aggregate force MAEs are essentially tied at 0.021 eV/ A across the three algebras.
Cl(3,1) wins on rMD17, where finite organic molecules activate only a subset of the
available grades. We retain C1(3,0) as the headline choice because adsorbate—surface
chemistry simultaneously activates all four grades of C1(3,0) (scalars for distances
and coordination energies, vectors for bond and adsorption directions, bivectors for
surface and reaction planes, pseudoscalars for face selectivity and chirality), which is
the geometric setting the architecture was designed for.

Discussion

The central finding of this benchmark is that Clifford algebra provides a viable and
in several settings superior alternative to spherical harmonics for constructing equiv-
ariant interatomic potentials. The Cl(3,0) algebra encodes E(3)-equivariant features
in 8-dimensional multivectors via the geometric product, whereas spherical-harmonic
approaches require ZlL:()(QH‘l) channels to reach angular order L (49 dimensions
for L=6). Despite this much lower-dimensional feature space, CliffordIP matches
or exceeds the energy accuracy of the strongest spherical-harmonic baseline tested,
EquiformerV2, under the present unified, compute-constrained comparison that also
includes MACE and ICTP. The geometric product, which fuses scalar, vector, bivec-
tor, and pseudoscalar interactions in a single algebraically closed operation, evidently
captures chemical environment information with greater parameter efficiency than the
Clebsch—Gordan tensor products required by spherical-harmonic representations. This
is consistent with theoretical analyses showing that the Clifford group action yields
multiple non-equivalent subrepresentations whose multiplicative structure bypasses
explicit CG decomposition, a property recently exploited for higher-order graph
networks [55] and simplicial message passing [56].

This representational efficiency carries over to chemically distinct domains.
CliffordIP leads in-distribution energy on both OC20 and OC22 S2EF and on OC22-
IS2RE (see Results), with its top-two ranking alongside the EquiformerV2 family
stable across metallic and oxide chemistries. Under distribution shift the picture is
consistent: CliffordIP leads OC20 OOD-Ads (1.977 €V, 18% below EquiformerV2 at
L=4, 2.424 eV), finishes a close second on OC22-O0D (5.120 eV vs. 4.971 eV, +3.0%),
and is essentially tied with EquiformerV2 (L=4) on the hardest OC20 OOD-Both
split (3.510 vs. 3.507 eV), evidence that the energy lead is preserved or amplified out
of distribution rather than reflecting in-distribution overfitting. Given recent evidence
that data composition can matter more than architectural sophistication for surface-
property prediction [57], the persistence of this lead under distribution shift makes
the case for representational priors (such as the multivector grading of C1(3,0)) that
generalise across chemical domains.
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The practical consequence is most visible on catalysis-specific transfer. On the
CO2RR, NoRR, and C, formation adsorbate subsets (evaluated zero-shot), Clif-
fordIP reduces energy MAE by 20-24% relative to EquiformerV2. The mechanism is
straightforward: bivectors encode the bond planes that distinguish bent and dihedral
intermediates, and the pseudoscalar resolves the chirality of multidentate adsorption
sites. In a screening workflow this translates to more reliable energy rankings across
the intermediate space, and to more confident selection of candidate surfaces for down-
stream DFT validation [58]. Recent benchmarking of universal MLIPs has identified
adsorption-energy accuracy as the critical bottleneck for high-throughput screening
reliability [59, 60], making the energy-specialist profile of CliffordIP well-suited to this
stage of the discovery pipeline; force fidelity becomes critical only at the subsequent
structural-relaxation stage.

However, CliffordIP shows a clear limitation in force prediction. On OC20 S2EF
its force MAE of 0.064 ¢V A~! trails the best EquiformerV2 (L=2, 0.059 ¢V A~1)
by 8%, with EquiformerV2 (L=4) at 0.060 eV A~1 and the remaining baselines clus-
tered between 0.063 and 0.078 ¢V A~'. On OC22 the spread narrows further (0.073
vs. 0.072 eVA~' +1%), and on OC20-IS2RE CliffordIP ranks sixth at 0.765 eV
(+18% above EquiformerV2 at L=2). The structural origin is that the 8-dimensional
Cl(3,0) basis natively encodes angular information only up to I/=1; the L=2 scalar
augmentation injects higher-order directional features but does not close the gap to
models maintaining /=6 spherical harmonics throughout. Because forces are gradients
of the energy, angular-resolution limits in the learned potential surface are ampli-
fied in the derivative. Fu et al. [61] have argued that energy conservation and surface
smoothness, rather than raw force MAE on static test sets, are the properties most
predictive of downstream molecular-dynamics performance, suggesting that the small
absolute force gaps observed here may overstate the practical impact for energy-based
screening. Importantly, the absolute force-MAE comparison above is performed in
the direct-equivariant-force-head setting used uniformly across all baselines for proto-
col fairness; CliffordIP additionally supports conservative-force prediction in autograd
mode, where forces are obtained as the energy gradient and the resulting potential is
exactly energy-conserving by construction. On rMD17 we find that switching to this
conservative mode improves test energy MAE by 25% with marginal change in test
force MAE, at a ~3x wall-clock cost per training step from the second backward pass
(Supplementary Information, Force Consistency). For applications requiring high-
fidelity force fields, the angular-resolution gap motivates extensions to richer Clifford
algebras.

The ablation study (see the Ablation Study subsection) confirms that attention-
weighted aggregation and multi-scale readout are the dominant accuracy contributors.
Removing them degrades OC22-S2EF energy MAE by 9.9% and 4.2% respectively
against the full-model baseline of 3.241 eV. Self-interaction, L=2 grade features, GP
readout, and 2-body restriction each show marginal isolated effects (—2.9% to —0.5%),
pointing to a regularisation rather than primary-capacity role. The gap between the
minimal-variant degradation (+28.8%) and the sum of individual component effects
indicates strong synergistic interactions that emerge only when the full architecture
is co-trained.
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On the timing side, CliffordIP sits at the accuracy-optimal end of the OC20-S2EF
training Pareto front (3.10 ms/step) and drops to 0.128 ms/step at inference, faster
than EquiformerV2 at L=4 (0.137 ms) and on par with L=2 (0.130 ms), reflect-
ing the efficiency of the grade-sparse geometric-product dispatch at forward pass.
Among ablated components, attention and self-interaction carry the highest inference
overhead (+9.6% and +11.1%), while multi-scale aggregation adds only +2.9% for
its +4.2% accuracy gain. Recent parameter-light Clifford architectures [62] and effi-
cient multivector neuron designs [63] indicate that the training-time overhead can be
substantially reduced without sacrificing equivariance; hybrid invariant—equivariant
strategies in the spirit of HIENet [64] offer a complementary route by reserving Clif-
ford layers for the equivariant pathway and delegating bulk computation to cheaper
invariant layers. Training convergence curves for all models are provided in the
Supplementary Information (Training Convergence).

The success of CliffordIP on catalysis benchmarks adds to a growing body of evi-
dence that Clifford algebra provides a powerful inductive bias for physical systems,
spanning n-body dynamics, signed-volume regression, top-tagging in particle physics,
and molecular generation via diffusion models [65]. CliffordIP is, to our knowledge, the
first application of this framework to interatomic potential energy surfaces, demon-
strating that the benefits of geometric algebra extend from small-molecule dynamics
to the large-scale, chemically diverse setting of heterogeneous catalysis.

Several directions follow naturally from these limitations. The angular-resolution
gap could be addressed by extending to C1(3,1) or Cl(4, 1), or by combining Clifford-
algebraic energy prediction with a spherical-harmonic force-correction head, analogous
to recent hybrid strategies for balancing invariant efficiency with equivariant expres-
siveness. Our experiments are conducted at ~1 M parameters, and scaling to 10-100 M
parameters may shift relative rankings, since larger models can better exploit high-
order representations [66]. The uniform training protocol prioritises comparability over
absolute performance; model-specific tuning, longer training, and denoising strate-
gies such as DeNS [67] would likely benefit all architectures. A separate axis of
improvement concerns the reference data: the OC20 and OC22 labels are computed
at the GGA (RPBE / RPBE+U) level, which is known to suffer from self-interaction
error in charge-transfer chemistry and transition-metal-oxide regimes that over-
lap with parts of these benchmarks; retraining MLIPs on self-interaction-corrected
datasets [68, 69] is an orthogonal route to higher absolute accuracy, complemen-
tary to the architectural axis explored here. Beyond static benchmarks, evaluating
CliffordIP on structural relaxation, transition-state searches, and molecular-dynamics
stability remains important for validating its practical utility in catalyst-discovery
workflows [70].

A scope caveat about absolute scales is in order, and it differs by task. The S2EF
energy MAEs reported throughout this paper are produced under a setting chosen
to isolate architectural effects under matched data, parameter count, and compute.
They are therefore elevated by approximately 8x relative to the OCP S2EF leader-
board’s headline entries, which are trained at orders-of-magnitude larger scale (e.g.,
EquiformerV2-153M on S2EF-All+MD, ~172 M training frames, ~1,571 V100-GPU-
days; in-distribution energy MAE ~0.23 €V). The IS2RE energy values, by contrast,
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land on the same absolute scale as the comparable-compute baselines reported in the
0OC20 reports test-ID IS2RE energy MAEs of 0.61 eV (CGCNN), 0.64 €V (SchNet),
and 0.56 eV (DimeNet++) when trained on the All (~460K) split, with relaxation-
based DimeNet++ variants reaching as low as 0.50 eV [14]; the lowest IS2RE MAE in
our benchmark is 0.65 eV (EquiformerV2 at L=2), within this range. Our 1 M—10M
parameter-scaling experiment (Supplementary Table S9) shows that scaling param-
eters at fixed 200K data closes part of the S2EF gap for EquiformerV2 (1.7x) and
MACE (1.2x), while CliffordIP is essentially flat (1.0x), indicating that its capacity
is already saturated by 200K frames at this parameter count, with the correspond-
ing compute envelope mapped in Supplementary Table S10. Two follow-ups suggest
themselves. The OC20-IS2RE leaderboard is the more accessible near-term target,
given that our absolute IS2RE values already sit within the published-baseline range;
a scaled-up CliffordIP at the 10-30 M parameter range trained on the official IS2RE
split is a realistic next step. Closing the S2EF gap requires the joint params-and-
data scaling regime occupied by the leaderboard. Training CliffordIP at the 10-150 M
parameter range on the S2EF-2M or S2EF-AIl+MD splits at leaderboard-scale com-
pute is identified as longer-term future work. Whether the in-distribution energy
advantage of C1(3,0) persists at full leaderboard scale on either task remains an open
empirical question.

In summary, CliffordIP brings Clifford-algebra equivariance to interatomic poten-
tials for heterogeneous catalysis, replacing Clebsch—Gordan tensor products with the
geometric product while delivering the strongest in-distribution energy performance
among the compared baselines on OC20 and OC22 S2EF and matching that lead out-
of-distribution. The energy advantage transfers to small-molecule chemistry on rMD17
as a cross-domain robustness check: although finite organic molecules activate only
a subset of the four C1(3,0) grades, CliffordIP is rank 1 or 2 on every molecule and
runner-up on aggregate energy MAE (0.034 vs. 0.024 eV for FAENet), with the third-
place baseline trailing by ~21x. This is the graceful-degradation pattern predicted
when the architecture’s geometric advantages are largest in geometrically rich systems
and retained, rather than lost, in less geometrically rich ones. Force fidelity remains a
step behind the strongest spherical-harmonic models in the direct-force-head setting,
although CliffordIP natively supports conservative-force prediction in autograd mode
for applications where energy conservation is critical. The energy accuracy combined
with near-parity inference cost relative to EquiformerV2 makes CliffordIP a promising
foundation for energy-focused MLIPs in computational catalysis and electrocatalyst
screening. Whether this advantage persists at the joint params-and-data scaling of
the OCP S2EF leaderboard remains the principal open question; on IS2RE, where our
absolute values are already in the published-baseline range, a scaled-up submission is
a realistic near-term direction.

Methods

This section presents the CliffordIP architecture, progressing from the algebraic
foundations of the Clifford algebra CI(3,0) through the feature representations,
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message-passing mechanism, and output readout. An architectural overview is given
in Fig. 5.

Clifford algebra Cl(3,0) and equivariance

The Clifford algebra CI(3,0) over R?® is the 23 = 8-dimensional associative algebra
generated by three orthonormal basis vectors {ei,eq,es} satisfying e;e; + eje; =
20;; [43, 44]. The resulting eight basis elements are organised into four grades: scalars
{1} (grade 0, 1D), vectors {e1, e, e3} (grade 1, 3D), bivectors {e12, €13, e23} (grade 2,
3D), and the pseudoscalar {e123} (grade 3, 1D), where €;; = ¢; ej. A general element
M e CI(3,0)—called a multivector—admits a unique grade decomposition

M = (M)o+ (M)1 + (M)s + (M)3. (1)

The central operation of the algebra is the geometric product (GP), which sub-
sumes the inner and outer (wedge) products in a single algebraic operation. For two
vectors a,b € ()1 it decomposes as

ab=a-b +aAb, (2)
~—~— ——
grade 0  grade 2

while for arbitrary multivectors the product is determined by the Cayley multiplica-
tion table, a fixed 8 x 8 — 8 tensor of structure constants ¢;j; € {—1,0,+1}:

(AGB)k:ZCijkAiBj- (3)
]

Each evaluation requires exactly 64 multiply-add operations, independent of angular-
momentum order. This contrasts with the spherical harmonics (SH) framework
employed in tensor field networks [38, 39] and equivariant transformers [30, 41], where
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Clebsch—Gordan tensor products scale as O(IS ) and require Wigner D-matrices for
equivariant coupling [40, 48, 49].

For physically meaningful predictions an MLIP must yield energy invariance and
force equivariance under the full orthogonal group O(3). In CI(3,0) the reversion
operator M = (M)o + (M) — (M)s — (M)3 reverses the order of all basis-vector
products. The sandwich product p(R): M — R M R then defines a representation of
Pin(3)—the double cover of O(3)—on multivectors, where a rotor R = cos(6/2) +
sin(/2) B encodes rotation by # about the plane of the unit bivector B.

By the associativity of Clifford multiplication and RR = 1, the GP respects this
action:

p(R)(A© B) = p(R)(A) © p(R)(B). (4)
Because the sandwich product preserves grades, grade-specific operations (projec-
tion, grade-wise norms) commute with p(R); consequently, grade-0 outputs are
O(3)-invariant and grade-1 outputs are O(3)-equivariant [48, 50]. Pin(3) equivari-
ance includes improper rotations (reflections), which is strictly stronger than SO(3)
equivariance alone [48].

Each grade carries a direct physical meaning: grade-0 scalars encode invariant
quantities such as energy; grade-1 vectors encode positions, forces, and momenta;
grade-2 bivectors encode oriented rotation planes and angular momentum; and the
grade-3 pseudoscalar encodes orientation (chirality). C1(3,0) thus provides a com-
pact, fixed 8-dimensional algebra that naturally encompasses (=0 (grade 0) and [=1
(grade 1) representations together with the bivector (grade 2, which transforms as
I=1 under rotations but with opposite parity) and the pseudoscalar (grade 3) [49].

Cl(3,0) is the minimal Clifford algebra that is also complete for 3D Euclidean
geometry, which makes it the natural choice for non-relativistic atomic systems.
Lower-dimensional alternatives such as C1(2,0) omit the grade-2 (planes) and grade-
3 (pseudoscalar) content needed to distinguish features such as FCC vs HCP hollow
sites, dihedral signs, and out-of-plane reaction geometries, and therefore cannot rep-
resent the catalytic and chiral systems that motivate this work. Higher-dimensional
alternatives such as Cl(3,1) introduce a fourth (timelike) basis vector whose addi-
tional grades have clear meaning in relativistic or spacetime settings but are not
required in this regime; their inclusion enlarges the multivector from 8 to 16 dimen-
sions, doubling per-message compute without a corresponding gain in expressiveness
for non-relativistic atomic simulations. We empirically validate this choice in the
Supplementary Information (Algebra Ablation), where C1(2,0), C1(3,0), and CI1(3,1)
produce statistically indistinguishable force MAE on rMD17 at matched compute;
Cl(3,0) is therefore the principled default at no measurable cost.

Feature representations

Each atom’s state is represented as C' multivectors, yielding a feature tensor h; €
RCX8'

The atomic number z; is mapped through a learnable embedding table to a C-
dimensional vector placed in the grade-0 (scalar) slots; all higher-grade components
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are initialised to zero:
h”[...,0]=Emb(z), hi¥L.. 1:8=o0. (5)

For each edge (¢, j) the interatomic distance d;; and unit direction El,J are encoded as
a grade-(0, 1) multivector e;; € RE*®:

eij[...,O]:gO, eij[...,1:4}:g1®&ij, (6)

where go and g; are produced by two-layer MLPs with SiLU activations (o5 and
oy, respectively) that act on the concatenation of Gaussian radial basis functions
(nebe=50), =2 spherical features (described below), and a cosine cutoff envelope at
Tewt = 6.0 A

Because the Cl(3,0) basis natively spans angular information up to =1, we aug-
ment the edge input with the five independent components of the symmetric traceless
outer product d®d to capture d-orbital-like angular dependence:

Ly(d) = [d2 — 3, dudy, dod, d2— %, dyd. ], (7)

corresponding to the five real [=2 spherical harmonics (the sixth component d? — % is
redundant by tracelessness). Because these features enter the edge MLPs as invariant
scalar inputs rather than as separate multivector components, overall equivariance is
preserved.

Naively initialising all eight multivector components and applying the full GP
from the first layer leads to grade explosion: random high-grade inputs generate large
magnitudes in every output grade, destabilising early training. CliffordIP addresses
this with a progressive schedule in which the active grade subspace of node features
expands layer by layer according to the GP grade table T(gq, gp):

(0) @ (1)
Dir_o (k)
Dio(k)

C1(3,0) = @} _o (k)

1
hH) e 2
3
4

SRS
I

Y]

(see Fig. 5¢). The schedule is determined at model construction time by iteratively
computing the union of the current node grades and the output grades produced by
the GP between node and edge features; since edges carry grades (0,1) and atoms
are initialised in grade 0, the first GP already produces grades (0, 1), reaching the full
algebra at layer 3. With the default T=5 interaction layers, this ensures stable con-
vergence without auxiliary losses or gradient clipping. To our knowledge, this strategy
is novel among Clifford-algebraic neural networks [48-50, 55, 63].
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Message passing and interaction blocks

CliffordIP follows the message-passing neural network framework [21, 28] and stacks
T=5 interaction blocks, each described below.
For each directed edge (7, ) a multivector message is constructed as

m;; = ;- [Whe'GP(hj,éij) =+ Weh~GP(éij,hj) + Skip(hj)] s (9)

where €;; = W, e;; is a grade-preserving linear pre-projection of the edge multivector,
Whe and Wy, are grade-preserving linear projections, and skip(-) extracts the grade-
0 features through a standard linear layer, providing a scalar residual path. Both
GP orderings are used because the product is non-commutative: b a flips the sign of
the wedge product relative to ab (Eq. 2), so the two orderings allow the network to
independently weight symmetric (inner product) and antisymmetric (wedge product)
contributions.

Because not all 64 multiply-adds of the full GP are needed in every layer, a dispatch
function selects the minimal GP variant consistent with the active grades: layer 1,
where nodes carry only grade 0, uses scalar xmultivector (8 ops); layer 2, where nodes
carry grades (0,1) and edges carry grades (0, 1), uses the grades-(0,1)x(0,1) kernel
(24 ops); layer 3, where nodes have expanded to grades (0,1,2), uses the grades-
(0,1,2)x(0,1) kernel against the grade-(0,1) edges (also 24 ops); and layers 4-5,
where all grades are active, use the full GP (64 ops). This yields a 2.7-8x reduction
in message computation cost for early layers with no approximation.

Attention weights «;; are computed via multi-head scaled dot-product attention
restricted to grade-0 (invariant) features, ensuring that the resulting scalars preserve
equivariance:

q; = WQ hz[ . .,O], kj = WK hJ[ . .,0], rij = WR . RBF(dU), (10)

(1) 1) o)
= ,me(_h)(z OK; w)’ 11
@ij = ;bot ax; NG (11)
where © is element-wise multiplication, dheada = C/np (np=4 heads), the softmax
is applied independently per head over the neighbourhood of each receiver atom 4,
and the resulting per-head weights are averaged to produce a single scalar attention
coeflicient per edge.
Standard message passing captures pairwise (2-body) interactions. Following the
MACE paradigm [26], CliffordIP extends to higher body orders via iterated geometric
products. After aggregating messages A; = > 5 my;:

AP =A;,, AP =cpra,A), AW =crAP A), (12)

where A§3) encodes 3-body angular correlations between neighbours and AE4) encodes
4-body correlations (optional; default body order is 3). The combined multi-body
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feature is M; = Ws AZ(Q) + W3 AEB) + Wy A§4) with grade-preserving linear maps
W27 W37 W4~
Each node additionally undergoes a per-atom GP self-interaction

he = GP(Wipo; - hy, hy), (13)

which mixes information across channels and grades in a nonlinear fashion that grade-
preserving linear maps alone cannot achieve. The node features are then updated
as

h) = Norm(Woue - o( Wi - [hy | M || h®]) + hy) (14)
where || denotes channel-wise concatenation and o is a gated activation: SiLU is
applied directly to scalar grades (0, 3), while non-scalar grades (1, 2) are norm-gated—
a learned gate network maps the per-channel norm through a sigmoid to produce a
scalar scale factor applied element-wise, preserving direction while modulating mag-
nitude. Grade-wise normalisation applies standard-deviation scaling to scalar grades
and root-mean-square scaling to vector and bivector grades. The final addition is a
residual connection.

Output readout

Energy and force predictions are extracted from the final multivector features via a
GP readout mixing step followed by grade-specific projections.
A final geometric product mixes information across all grades:

h"™ = GP(W,. - hy, hy), (15)

routing information from every grade into grades 0 and 1, which enriches the readout
representation.

The total energy is obtained by summing per-atom contributions predicted from
grade-0 (scalar) features, which are Pin(3)-invariant by construction (Eq. 4):

E:ZMLP([hZ-[...,O] | h=[...,0]]), (16)

where a three-layer network with SiLU activations maps 2C' scalar features to a
single per-atom energy. Following MACE, multi-scale readout collects energy con-
tributions from every interaction layer: Fiota1 = Fout + ZtT:1 E;, where E; =
> MLPt(hl(-t)[. ..,0]) operates on the grade-0 features after layer ¢, allowing both
local (early-layer) and global (late-layer) chemical environments to contribute directly
to the prediction [33].

Forces are predicted from grade-1 (vector) features, whose Pin(3)-equivariance
guarantees the correct transformation behaviour under rotations and reflections:

£ = Wy [, 1:4] | R 104]] T (17)

where W} is a linear projection over the channel dimension.

19



Because the geometric product is smooth and differentiable, C1(3,0) message pass-
ing is end-to-end differentiable through the full network, and conservative forces can

alternatively be obtained as
;g _OF 18)
e 8ri (
from the predicted energy by a single configuration flag. The autograd variant is
force-consistent by construction. An optional denoising auxiliary loss [67] provides

additional regularisation during training in either mode.

Datasets and evaluation splits

Table 2 summarises the training and validation splits. OC20 uses the standard 200K
S2EF training split; OC22 uses the complete training set for both tasks; all validation
subsets are evaluated in full. Graph connectivity uses radius graphs at reu = 6.0 A
with at most 50 neighbours per atom. Force training and evaluation are restricted to
free atoms (adsorbate and surface-layer); fixed subsurface atoms are excluded from
all force objectives and metrics.

Table 2 Dataset configurations. Ni¢rain denotes the number of training structures; validation sets
were evaluated in full.

Dataset Task Ntrain Validation splits

0C20 S2EF 200,000 ID, OOD-Ads., OOD-Cat., OOD-Both
0OC20 IS2RE 200,000 ID, OOD-Ads., OOD-Cat., OOD-Both
0C22 S2EF full 1D, OOD

0C22 IS2RE full 1D, OOD

The COs reduction reaction, C—C coupling, and nitrogen reduction reaction results
in the main text were obtained by evaluating the OC20-trained S2EF model on
adsorbate-specific subsets of the OC20 S2EF validation set; no additional fine-tuning
was performed. Structures were selected by filtering on adsorbate identity using the
0OC20 metadata mapping. The CO2RR subset includes adsorbates *CO, *COOH,
*CHO, *CO9, *HCOO, *COH, *CH-0, *H, *OH, *O, *CH, *CHz, and *C; the C2
subset includes *C*C, *CCH, *CCH,, *CCHj, *CH*CH, *CHCH,, *CH,CHgs, *CCO,
*CHCO, and CH5CO; and the N2RR subset includes *N, *No, *NH, *NH3, *NHNH,
*N*NH, *N*NO, *NO, *NO,, *NOgs, *ONH, *NONH, and *ONNH,.

Training protocol and losses

All models train with the Adam optimiser [71] at a fixed learning rate of 1 x 1074
and no weight decay, with mini-batches of 16 structures. Training stops at the epoch
cap or after 30 (50 for OC22-IS2RE) epochs without improvement on the primary
validation metric, whichever comes first (Table 3). Each configuration is run under
three random seeds; reported results are mean + standard deviation over seeds.
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Table 3 Training schedules were adjusted according to the
benchmark task. Because the OC22 IS2RE task has a relatively
small sample size, a longer training schedule was used to achieve
adequate learning.

Dataset Task Max. epochs Early-stopping patience
0OC20 S2EF 50 30
OC20 IS2RE 50 30
0C22 S2EF 50 30
0C22 IS2RE 200 50

The S2EF loss is a weighted sum of a per-atom energy MAE and a per-atom
force-vector norm loss, consistent with the FairChem evaluation framework:

WEg |Eb —FEy|  wp o
Loppr = 2§~ 12 5ol L WP g g, 19
S2EF |B| =~ Ns + |JT_" 76]:” H2 ( )

where E, and E, are the predicted and reference total energies of structure s contain-
ing Ny atoms, f‘i and f; are the predicted and reference force vectors for free atom i, B
is the set of structures in the mini-batch, F is the set of free atoms across the batch,
and wg = 1.0, wr = 3.0 are fixed scalar weights.

IS2RE training minimises the mean absolute error on total relaxed energies:

1 R
Lisore = 8] > |E, - Edl. (20)
seB

S2EF performance is characterised by four metrics: (i) energy MAE (mean abso-
lute error over structures, €V); (ii) force MAE (mean absolute error over all free-atom
force components, eV A~1); (iii) force cosine similarity (mean cosine similarity between
predicted and reference force vectors per free atom); and (iv) energy-and-force within
threshold (EFwT), the fraction of structures whose absolute energy error is below
0.02eV and whose maximum per-atom force error is below 0.03eV A=, IS2RE per-
formance is assessed by energy MAE and energy within threshold (EwT), the fraction
of structures with absolute energy error at most 0.02eV.

Baseline model configurations

Table 4 reports the key architectural hyperparameters across baselines.

Computational setup and compute budget

All models were trained and evaluated on single NVIDIA RTX 5090 GPUs, with
each independent experimental run assigned exclusively to one device. No distributed
or multi-GPU training, gradient accumulation, or mixed-precision arithmetic was
employed.
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Table 4 Architectural configurations used across all benchmark experiments. L = number of
interaction layers (or blocks); d = primary feature dimension; RBF = radial basis functions. All
models use recut = 6.0 A and at most 50 neighbours per atom.

Model L d Radial basis Key design choices

SchNet[19] 6 192 50 Gaussian filters Continuous-filter convolution on
interatomic distances

DimeNet++Jf [72] 4 128 6 radial + 7 spherical Bessel Angular triplet interactions; int.
emb. 64

PaiNN [21] 4 144 64 sinc RBF Equivariant scalar—vector mes-
sage passing

TorchMD-Net [23] 6 104 56 expnorm RBF Equivariant transformer; 8
attention heads

NequlP [25] 4 44 8 Bessel RBF E(3)-equivariant; Lmax=1;
radial MLP depth 2

EquiformerV2 (L=2) [41] 2 64 — SO(3) equivariant transformer;
Limax=2, Mmax=2; 4 heads

EquiformerV2 (L=4) [41] 2 30 — SO(3) equivariant transformer;

Lmax=4, Mmax=2; 4 heads
GotenNet [31] 5 96 — Geometric  tensor  network;

cosine cutoff

MACE (L=1) [26] 2 128 8 Bessel RBF E(3)-equivariant body-ordered;
correlation order 3; Lyax=1

MACE (L=2) [26] 2 96 8 Bessel RBF E(3)-equivariant body-ordered;
correlation order 3; Lyax=2

ICTP (L=1) [73] 4 96 8 Bessel RBF Irreducible Cartesian Tensor
Potential; Lyax=1

ICTP (L=2) [73] 4 80 8 Bessel RBF Irreducible Cartesian Tensor
Potential; Lyax=2

CliffordIP 5 52x8 50 RBF C1(3, 0)-equivariant; progressive

grade activation; 100 atom types

fBaseline implementation via the PyTorch Geometric library [74].

The full benchmark comprises 13 models x 4 dataset-task combinations x 3
random seeds = 156 independent training runs, each trained for up to 50 (200 for
0C22-IS2RE) epochs, totalling ~1,755 GPU-hours. Per-model and per-dataset hours
from the training logs appear in Table 5; per-step timings for the full 18-architecture
benchmark are in Supplementary Table S10.

Per-model: CliffordIP is the most expensive at 216.6 hours (about 18.1 hours per
run), reflecting unoptimised 8-dimensional multivector operations. The ICTP family
(200-202 hours), DimeNet++ (187.1), and GotenNet (185.9) form the next-most-
expensive tier — driven by triplet interactions, tensor contractions, and Cartesian-
tensor products respectively. MACE at L=2 (147.0) and EquiformerV2 (105.6 at
L=2, 117.7 at L=4) are notably more efficient at moderate angular orders, with
EquiformerV2 benefiting from SO(2) convolution optimisations [40]. NequIP and
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TorchMD-Net occupy a middle tier (~104-105 hours); MACE (L=1, 86.3 hours),
PaiNN (55.2), and SchNet (42.3) are the cheapest, roughly 4-5x below CliffordIP.

Per-dataset: the two S2EF tasks dominate (OC20-S2EF 648.7 hours, OC22-S2EF
614.1 hours), since each step computes both energy and force losses. OC20-IS2RE
drops to 385.3 hours — force head disabled, but the OC20 dataset is large — and
OC22-IS2RE is the cheapest task at 107.5 hours, combining the smaller OC22 training
set with the absence of force computation.

Table 5 Wall-clock training hours by model and dataset for the full
13-baseline benchmark (13 models x 4 datasets X 3 seeds = 156 runs).
Per-step timings are reported in Supplementary Table S10.

Model Hrs Runs ‘ Dataset Hrs Runs
CliffordIP 216.6 12 OC20-S2EF 648.7 39
ICTP (L=2) 202.2 12 0OC22-S2EF 614.1 39
ICTP (L=1) 200.3 12 OC20-IS2RE 385.3 39
DimeNet++ 187.1 12 0OC22-IS2RE 107.5 39
GotenNet 185.9 12
MACE (L=2) 147.0 12
EquiformerV2 (L=4) 117.7 12
EquiformerV2 (L=2) 105.6 12
NequlP 105.2 12
TorchMD-Net 104.1 12
MACE (L=1) 86.3 12
PaiNN 55.2 12
SchNet 42.3 12
Total 1,755.5 156 ‘ Total 1,755.6 156

Data Availability

The OC20 and OC22 datasets used in this study are publicly available through
the Open Catalyst Project (https://opencatalystproject.org). The rMD17 dataset is
publicly available on figshare at https://doi.org/10.6084/m9.figshare.12672038.

Code Availability

The source code, trained Clifford[P model checkpoints, training logs, and
scripts to reproduce all benchmark results are available at https://github.com/
KurbanlIntelligenceLab/CliffordIP. The package can be installed from PyPI as
cliffordip (pip install cliffordip).
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Fig. 1 Geometric algebra representations for catalytic surface chemistry and equivariant graph neu-
ral networks. (a) COz electroreduction via C—C coupling of two adsorbed *CO intermediates on
a Cu surface, illustrating the four grades of Cl1(3,0) needed to fully describe the reaction geome-
try: interatomic distances (scalar), bond directions (vector), the O—C—-C—O reaction plane (bivector),
and the dihedral chirality (pseudoscalar). (b) Electrochemical No reduction on Fe, showing end-on
*Ng adsorption and its protonated *NNH intermediate; the binding mode and protonation geome-
try require vector and bivector representations that scalar-only models cannot capture. (¢) Top-view
schematic of surface adsorption sites on a close-packed metal surface, ranging from atop (one bond,
grades 0-1) to bridge (two bonds, grades 0-2) and hollow sites (three or more bonds, up to all four
grades); distinguishing FCC from HCP hollow sites requires bivector and pseudoscalar information
encoding the plane orientation and above/below-surface parity. (d) The four grades of the Clifford
algebra C1(3,0) mapped onto a local atomic motif: grade 0 (scalar) captures bond lengths and ener-
gies, grade 1 (vector) encodes bond directions and forces, grade 2 (bivector) represents the plane
spanned by three atoms and angular momentum, and grade 3 (pseudoscalar) describes oriented vol-
umes and dihedral chirality. (e) Message-passing scheme on a cutoff graph, where atom i aggregates
geometric product messages from neighbours j within a cutoff radius; three equivariant operations
— message aggregation with attention, self-interaction, and norm-gating — preserve the full multi-
vector structure across layers. (f) Grade activation schedule and readout: scalar features are present
from the first layer, with vector, bivector, and pseudoscalar channels introduced progressively in later
layers to stabilise training; the final scalar and vector channels are projected to per-atom energies
and equivariant forces, respectively.

Fig. 2 Energy—force accuracy trade-off on catalysis-focused zero-shot subset evaluation for three
electrocatalytic reaction families: (a) CO2 reduction, (b) N2 reduction, and (c) C2 formation. Each
point shows mean energy MAE (x-axis) and force MAE (y-axis) over three random seeds on adsorbate-
filtered subsets of the OC20 val-id split; no task-specific fine-tuning was performed. CliffordIP achieves
the lowest energy MAE on all three subsets, with margins of 0.50-0.65 €V over the next-best baseline
while remaining within 0.005 eV /A of the best force MAE.

Fig. 3 Benchmark comparison on OC20 and OC22. Horizontal bars: mean MAE = std over three
seeds for S2EF energy (a, d), S2EF force (b, €), IS2RE relaxed energy (c, f), and out-of-distribution
splits (g—i); percentage offsets are relative to the best model in each panel. CliffordIP ranks first on in-
distribution and OOD-Ads S2EF energy across both datasets and on OC22 IS2RE; the EquiformerV2
family leads on force MAE.

Fig. 4 Efficiency and ablation analysis. (a, b) Per-step timing on MD17 aspirin plotted against
OC20-S2EF in-distribution energy MAE for the thirteen baselines with both measurements; CliffordIP
lies on the inference Pareto front and is the most accurate model overall. (¢) Ablation on OC22-
S2EF reporting AEnergy MAE relative to the full model: removing attention (+9.9%) or multi-scale
aggregation (+4.2%) causes the largest degradation. (d) Per-component runtime overhead relative
to the minimal CliffordIP variant on OC20-S2EF, separated into training and inference. The full 18-
architecture wall-clock and memory benchmark, including ViSNet, FAENet, and the L=3 variants of
MACE, ICTP, and EquiformerV2, appears in Supplementary Table S10.

Fig. 5 CliffordIP architecture. (a) Input and embedding: atomic numbers z; and Cartesian posi-
tions r; are mapped to grade-(0) atom features and grade-({0), (1)) edge multivectors; the CI(3,0)
basis layout m:[s,e1,62,63,612,613,623,6123]T with grade projections 7 is shown at the bot-
tom. (b) Interaction block (xT'=5): grade-sparse geometric-product (GP) messages, equivariant
scalar attention «;;, MACE-style multi-body GP terms (GP2, GPS)7 self-interaction, and a residual
norm-gated node update; the output sub-block performs GP readout mixing and multi-scale energy
summation, while forces are predicted from grade-1 vector features. Conservative forces can alterna-
tively be obtained as energy gradients when required for downstream applications. (c¢) Grade schedule:
progressive activation of multivector grade subspaces h{) across interaction layers (top), and the
four key model equations for symmetric GP message construction, scalar attention, neighbourhood
aggregation, and norm-gated node update (bottom); ® denotes the grade-sparse GP dispatch.
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